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ON THIN CARPETS FOR DOUBLING MEASURES 


CHANGHAO CHEN, SHENGYOU WEN 


Abstract. We study subsets of R d which are thin for doubling 
measures or isotropic doubling measures. We show that any subset 
of R d with Hausdorff dimension less than or equal to d — 1 is thin 


for isotropic doubling measures. We also prove that a self-affine 
set that satisfies OSCH (open set condition with holes) is thin for 
isotropic doubling measures. For doubling measures, we prove that 
Barahski carpets are thin for doubling measures. 

Keywords Doubling measures, Isotropic doubling measures, Barahski 
carpets. 


1. Introduction 


A Borel regular measure p on metric space X is called doubling if 
there is a constant C > 1 such that 


0 < p(B(x,2r) < Cp(B(x,r)) < oo, 


for any x G X and 0 < r < oo. We call C the doubling constant of p. 
Denoted by T>(X) all the doubling measures on A". A closely related 
concept with doubling measures is a doubling metric space. A metric 
space is called doubling metric space if there exist positive integer N 
such that any ball of radius r can be covered by a collection of N balls 
of radius rf 2. It’s easy to see that V(X) ^ 0 implies A" is doubling. 
On the other hand, if the space A" is doubling and complete, then 
T>(X) ^ 0, for more details see [IjO, [131 ESI ED]- A subset E of X is 
called thin for doubling measures if p(E) = 0 for every p G D(X). 
Being thin for isotropic doubling measures is defined analogously. In 
this paper we are going to investigate some subsets of are thin for 
doubling measures or isotropic doubling measures. First we recall a 
useful estimate for doubling measures, see [H Chapter 13] [29]. 

Lemma 1.1. Let p G T>(R d ) and Qi,Q 2 be two cubes with Q\ C <32- 


Then 
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where \E\ means the diameter of E and C,a,/3 are positive constant 
which only depend on /i. 

Lemma 0 implies that every subset E of M d with Hausdorff di¬ 
mension zero is thin for doubling measures (the same argument as 
mass distribution principle, see [5], Chapter 4]). Various examples of 
thin sets for doubling measures relate to the concept of porosity, see 
Doubling measures give zero weight to any smooth 
hyper-surface, see m p.40]. But for every d > 2, there exist rectifiable 
curve in M rf which is not thin, see [7j. In 122 the authors asked that: 
Is the graph of continuous function thin for doubling measures ? This 
question was negatived answered in [22] . We will show that rectifiable 
curves and graphs of continuous function are thin for isotropic doubling 
measures. The following definition is from [T2j. 


Definition 1.2. A Borel measure p on M d is isotropic doubling if there 
is a constant A > 1 such that 


A-l < Mgl) 

- Mifc) 


< A, 


whenever R\ and R 2 are congruent rectangular boxes with nonempty 
intersection. 


We denote by ZT>(R d ) all isotropic doubling measures on Ml Isotropic 
doubling measures arise from the study of S-monotone mappings. We 
refer to [T2j for more details about isotropic doubling measures and 5- 
monotone mappings. In [1(2] they proved that isotropic doubling mea¬ 
sures are absolutely continuous to H^ 1 ( Hausdorff measure) and for 
every d > 2, there exists an isotropic doubling measure on M d which is 
singular with respect to the Lebesgue measure. The following question 
of [12] arises naturally. Is it true that every isotropic doubling measure 
on M d , d > 2, is absolutely continuous with respect to the s-dimensional 
Hausdorff measure for all s < d? This question was one of the motiva¬ 
tions of this work. We don’t know the answer. However by applying a 
similar estimate as Lemma |1.1| to isotropic doubling measures, we get 


the following result. 

Proposition 1.3. Let E C M d with dim hE < d— l, then E is thin 
for isotropic doubling measures on Ml 

Motivated by the above question of [12], we consider the self-affine 


sets. By adding the condition OSCH (see Definition 3.1) on self-affine 
sets, we have the following result. 


Theorem 1.4. A self-affine set that satisfies OSCH is thin for isotropic 
doubling measures. 
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For the doubling measures, things become more complicated. So we 
consider a special class of self-affine carpets on the plane. Baranski 
[1] generalized the construction of Bedford-McMnllen carpets to build 
a class of self-affine carpets. We call them Baranski carpets, see Def¬ 
inition 3.6 or [1|. For Bedford-McMullen carpets, see 0151120]. For 
Baranski carpets, we have the following result. 

Theorem 1.5. Baranski carpets are thin for doubling measures. 


Acknowledgement: We would like to thank Tuorno Ojala and Villc 
Suomala for reading the manuscript and giving many helpful com¬ 
ments. 


2. Isotropic doubling measures 
We start from a useful lemma of 


Lemma 2.1. Let /i be a isotropic doubling measure on M d , d > 2 with 
doubling constant A. Then: (i) For any congruent rectangular boxes 
Ri, 1?2 C M d . 

A ~m < M^l) < A m (2D 

where m = [ ^f^ 2) ] + 1. 

(ii) Let Q C be a cube, and let F be a face of Q. The pushforward 
7Tj) /iq of p,Q under the orthogonal projection tt : Q -A F is comparable 
to Cfr 1 with constants that depend only on d and A. 


The following is an analogue of Lemma LI for isotropic doubling 
measures. 

Lemma 2.2. Let /i £ ZD([0, l] d ), d > 2 with the doubling constant A 
and I be a cube in [0, l] d_1 , and J be interval in [0,1]. Then 

C'- 1 |/| d - 1 |J| /3 < fi(I x J) < C'|/| d - 1 |J| Q , (2.2) 

where a, j3 and C are positive constants depending only on d and A. 

Proof. Let o(E) := fi(I x E ) for E C [0,1]. Then v is a doubling 


measure on [0,1] with the doubling constant A. Applying Lemma 1.1 
to h, we have 

5 s Ci1 J| " (2 ’ 3) 

where C\ , a, and [3 are positive constants depending only on A. Apply¬ 
ing the second part of Lemma 2.1, we see that p([ 0, 1]) is comparable 
to \I\ d ~ l with the constant depending on d and A only. Thus we have 
finished the proof. □ 
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Applying Lemma 222 and the same argument as mass distribution 
principle (see [5, Chapter 4]), we arrive at the following corollary im¬ 
mediately. 

Corollary 2.3. Let p G ZZ>([0, l] d ), then there exist a positive constant 
a which only depends on p, such that p is absolutely continuous to 

ppd— l+ a 


Proof of Theorem \l.S\ Let p G ZZ>([0, l] d ). If d — 1, then p is doubling 
measure on [0,1] and E has Hausdorff dimension zero. By Lemma [f.l[ 
we know that any set with Hausdorff dimension zero is thin for doubling 
measures. Thus we arrive at the result for d — 1. 

For the case d > 2, applying the Corollary 24L there is positive a 
such that p is absolutely continuous to T-L d ~ l+a . Since dim# E < d — 1, 
so TL d ~ 1+a {E ) = 0 and thus p(E) = 0. We complete the proof by the 
arbitrary choice of p G XT>{[ 0, l] d ). □ 

Since any fc-rectibable sets of ( m Chapter 15]) have Hausdorff 
dimension k, for k < d they are thin for isotropic doubling measures 
on M d . Let / : [0,1] A 1 be a function. Recall that the graph of 
function / is G(f ) := {(x,f(x)) : x G [0,1]}. Now we are going to 
apply Lemma H to prove that the graphs of continuous functions are 
thin for isotropic doubling measures. 


Proposition 2.4. Let f : [0, l] d —> [0,1] 
Then p(G(f)) = 0 for all p G XV([ 0, l] d+1 ). 


be a continuous function. 


Proof. Let p G ZZ>([0, l] d+1 ), then there is positive C and a such that 
the estimate (2.2) holds. Since / is continuous on [0, l] d , it’s well know 
that / is uniformly continuous on [0,1] 6 *. Thus for any e > 0, there is 
S such that | f{x) — f{y) \ < 5 for all x, y G [0, l] d with \x — y\ < S. 

Choose nGN, such that < l~ n \fd < <5. Let V n denote all the dyadic 
cubes of [0, l] d with side-length 2~ n . For each cube I of V n , there is an 
interval V C [0,1] with |/'| < e such that {(x, f(x)) : x G 1} C / x 
Whence 

G(f) c U IeVn I x 

By applying Lemma |2.2[ we have 


/‘(G(/)) < E ,u;7 x /') < E \I\ d < Ce°(Vdy 


(2.4) 


I(z.T>n 


iev n 


Let e —>■ 0, then we have p(G(f)) = 0. We finish the proof by the 
arbitrary choice of p. □ 
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By using the same idea (applying Lusin theorem) as in [22], the 
result of Proposition 2A is also holds if we change continuous function 
to measurable function. 


Corollary 2.5. Let f : [0, l] d —» [0,1] be a measurable function with 
respect to Lebesgue measure. Then G(f ) is thin for doubling measures 
on [0, l] d+1 . 


Proof. Applying Lusin theorem (and it’s normal corollary), for any 
e > 0, there is a continuous function g : [0, l] d —>■ [0,1] such that 


L d ({x : f(x) ± g{x)}) < e. (2.5) 

Let /i € Z'DQO, l] d ). Lemma 2.l[ ii) says that there is a constant C 
which depends on d and n only, such that 

p,(A x [0,1]) < CL d (A) for any A C [0, l] d . (2.6) 


Let D — {x : f(x) ^ g(x)}. Since 

G(f) = G(g) U (G(f)\G(g)) C G(g) U (D x [0.1]), 


the estimate (2.6) and Proposition 2.4, we have fi(G(f)) < Ce. By the 
arbitrary choice of e, we have fj,(G(f)) = 0. Thus G(f) is thin for 
isotropic doubling measures on [0, l] d+1 . □ 


3. Doubling measures and self-affine sets 

Let A be the attractor of the self-affine IFS 

T :={f i (x) = T l x + L}Z 1 ,xeR d . (3.1) 

We always assume that the maps fi are contractive and T) are non¬ 
singular linear maps for each 1 < i < m. For more details on self-affine 
sets, see [5} Chapter 9]. The following condition is often used to avoid 
overlap of IFS. Recall that the IFS J- is said to satisfy the open set 
condition ( OSC ) if there exists a non-empty open set V C such 
that 

• fi(V) C V holds for all 1 < % < m; 

• fi(V) n fj(V) = 0 for all i^j. 

We recall some standard notation for IFS. Let S = {1, • • • ,m}. De¬ 
note S* := U c jf =1 S k all the finite words and S l] all the infinite words. 
Let cr = (R, • • • , i k ) e S k . Define f a :=f h o---o f ih . 

Definition 3.1. We say that the IFS J- satisfies the OSCH (open set 
condition with hole) if T satisfies the OSC and for the open set V, 
V\\Jiff 1 fi(V) has non empty interior. 
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Definition 3.2. A map f is called non-singular affine map on if 
there is a non-singular linear map T and a vector t G such that 
f(x) = T(x) +t,x G A map f is called diagonal affine map on R d , 
if there is a diagonal matrix D = D{ Ai, • • • , A^) and a vector t G 
such that f(x) = D(x) + t,x G Note that the diagonal maps and 
non-singular linear maps coincide when d — 1. We call a cube Q stable 
if Q C [0, l] d and there is x G and p > 0 such that Q = x + p[0, l] d . 

Lemma 3.3. Let Q C [0, l] d be stable cube and p G I'D(M d ). Then 
there exist a positive constant C (depending on // and side-length of Q) 
such that for any diagonal affine map f, we have 

/*(/«)) >CW([0, l] d )). (3.2) 

Proof. If d — 1, then we arrive at the estimate by applying the Lemma 
0 Now we consider the case d > 2. We assume that Q = I\ x ■ • • x 1^ 
where A C [0,1]. Denote by a the side-length of Q and Vq = 1 1 x 
[0, l] d_1 . Let {Qi}^ be a sequence of closed cubes with the same 
edge length a and disjoint interior. Furthermore we ask that {Qi}^ 
satisfies Vq C \Jp =1 Qi C [—2, 2] rf and for any Qj and Qj , i ^ j, there 
exist i u i 2 , ■■■ ,i n such that = Q h ,Qj = Q in and Q ik D Q ik+1 ^ 0 
for 1 < k < n — 1. By a simple volume argument, N < ( Thus 

p{Q) > A~ N p(Qi) for all 1 < i < N. (3.3) 

Summing both sides over index i, we have 

(3-4) 

Let C, = ( 5 ) d A-&, then /i(Q) > C lfl (V Q ). 

Since / is a diagonal map, we have that f(Qi) is a rectangle for 
1 < i < N. Applying the same argument as above, we have 

ffi/m > A- N ffif(Q t )) for all 1 < i < N, (3.5) 

and p(f(Q)) > Ci/x(/(Vq)). 

Applying the same argument to Vq and [0, l] rf (in place of Q,Vq), we 
have /u(/(Vq)) > C 2 p{f{[ 0 , l] rf )) where C 2 is a positive constant that 
depends on Q and the doubling constant A only. Letting C = CiC 2 
we complete the proof. □ 

Now we are going to show that the above result also holds for any 
non-singular linear map. We will use the polar decomposition of a 
matrix. The polar decomposition says that for any matrix T, there 
exists a symmetric matrix S and orthogonal matrix O such that T = 
OS. Furthermore if T is non-singular, then S is positive definite. For 
more details see [31 Chapter 3]. 
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Figure 1. 


The cubes of Proposition 3.4 for d 


2 . 


Proposition 3.4. Let Q C Q' and /i G XD{ M d ). Then for any non- 
singular affine map f, we have 

hUm > Cp,(f(Q')), (3.6) 

where C is a positive constant doesn’t depends on f. 


Proof. If d — 1, then the non-singular map / is the same as diagonal 
map. Thus we arrive at the estimate by applying Lemma |1.1 again. 
Now we consider d > 2. For a non-singular map /, there is a non¬ 
singular matrix T and a vector t G M. d , such that f(x ) = Tx + t for 
x G 


For the convenience we use the same notations as above writing 


T = OS. 


For positive definite matrix S, it’s well known that there exist a 
standard orthogonal basis {£i, • • • , £ r ;} such that S& = Aand A, > 0 
for all 1 < i < d. Let /(£*) := {tf : t G [—1/2,1/2]}, 1 < i < d and 
Qs = /(£i) x • • • x I {id) be the unite cube. Let Q{x, p) := x + pQs- 
Denote by a the side-length of Q and Xq the center of Q. By a simple 
geometric argument, we have 


QK^)c%^)cg. 


Denote by a' the side-length of Q' and x' 0 the center of Q'. Again by a 
simple geometric argument we have 
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Applying the same argument as in Lemma T3 to 0 C ()'. there is a 
positive constant C such that 


rtSQ) > Cv(SQ'). 


(3.7) 


Note that the estimate (3.7) still holds with the same constant C after 
rotations and translations. Thus 

Kf(Q)) > C^f(Q')). (3.8) 

This completes the proof since f(Q) C f(Q) and f(Q') C f{Q')- □ 


Proof of Theorem l.f. Let A be the attractor of the self-affine IFS 
{f l (x) = T l x + t i }? =1 ,xeR d 


which satisfies the OSCH. Since the IFS satisfies OSCH, there is 
an open set V and a cube Q with non empty interior such that Q C 
V\ U™! MV)- It’s we ll known that (see [2, Chapter 9]) there is com¬ 
pact cube Q' such that fi{Q') C Q', 1 < i < m, V C Q' and 

OO OO 

a= n u aw')- 

k =1 cr£S k 

Since our IFS satisfies OSCH and by the position of Q, we have 
fer(Q) H f T {Q) = 0 for any a ^ r where cr, r G S*. For each k G N, 
denote Gk = U CT es )c f°(Q)- Let /i G lV(R d ). Note that Q C Qf and 
f a is non-singular affine map for any a G S*. Thus by Proposition |3.4[ 
there exists a positive constant C such that 

KMQ)) > Cn{f a {Q')),ioi any a G S*. (3.9) 

Since f a (Q) are pair disjoint for a G S*, we have 


mg*) = x: MAW))- 

a(E:S k 

Summing two sides of equation ( |3.9[ ) over cr G S k , we get 

h(G k ) > C Y, h(UQ')) > Cfi( A), (3.10) 

cr{zS k 

where the last inequality holds since A C U CT eS fc fcr{Q')- 

Since Ua^i G k C (T/, and Gi D G 3 — 0 for i 7 ^ j, together with 
inequality (3.10), we have 


M > 5>(G fc ) > c^A). 


(3.11) 


fc=i 


fc=i 


Thus we have /i(A) = 0. 


□ 








ON THIN CARPETS FOR DOUBLING MEASURES 


9 



FIGURE 2. The first two steps in the construction of E. 


We don’t know whether Theorem 1.4 is also holds for doubling mea¬ 
sures. 


Question 3.5. Is the attractor of IFS satisfies OSCH thin for dou¬ 
bling measures? 


Now we are going to prove Theorem 
struction of Baranski carpets, see [T]. 


1.5 


We first recall the con- 


Definition 3.6. Let {aj}f =1 , {bj} q j =1 be two sequences of positive num¬ 
bers such that Y/a= i a i — 1 an d Xp=i = 1 where p,q N and p, q > 2. 
We have a partition of the unit square by q horizontal lines and p ver¬ 
tical lines. We exclude a sub-collection of these rectangles to form E\ 
(We assume that at least one rectangle was excluded to avoid the trivial 
case). Iterate this construction for each rectangle of E\ as above, in 
other words we replace each rectangle of E\ by an affine copy of E x . In 
the end we have a limit set E. For an example see Figure [|| Recall that 
the limit set E is called BM (Bedford-McMullen) carpet if at = 1/p 
for all 1 < i < p and bj = 1/q for all 1 < j < q, see [5, chapter 9]. 


Recall that a subset E C is called porous if there exists a G (0,1), 
such that for any ball B(x, r ), there is a ball B(y, ar ) C B(x, r ) satisfies 
B(y,ar) fl E — 0. The concept of porosity is closely related to the 
Assouad dimension. The connection is the following: A subset E of 
is porous if and only if dirn^ E < d. For more details, we refer to PH 
Theorem 5.2], It’s well know that if a set E C is porous, then E is 
thin for doubling measures on (by applying the density argument 
for doubling measure on the porosity set, the same as [25] p.40]). Since 
the Assouad dimension of Baranski carpets can be less than or equal 
to 2, see IS US!, thus we can’t obtain Theorem |1.5| by apply the above 
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Figure 3. 

mentioned result: if a set E C M 2 has Assouad dimension less than 2, 
then E is porous, and so E is thin for doubling measures. 

Lemma 3.7. Let Q C [0, l ] 2 be a cube with edge length a and /./ e 
X>([0, l] 2 ). Denoted by Vq the smallest vertical strip of [0,1 ] 2 which 
contains Q. Then there is a positive constant C depending on /i and 
a only, such that for any diagonal affine map f(x') := D(X±, A 2 )(:r) + t 
with Ai > A 2 > 0, we have 

t*(f(Q)) > Ctx{f{V Q )). (3.12) 

Proof. Since / is diagonal map, f(Q) is a rectangle with sides aAi and 
aA 2 - We are going to place a sequence of closed balls with the same 
diameter aA 2 inside the rectangle f(Q). We put the first ball at 
the left part of f(Q) and touching the left boundary of f(Q). We put 
the second ball B 2 touching the first ball Bi with disjoint interior. We 
continue to put the balls in the above way, see Figure [3} In the end we 
have |_yyj balls inside f(Q) where |_yyj is the integer part of yF By a 
simple geometric estimate, we have that 

/(Vo) c U -B,, 

1 ^ 

1=1 

where pB(x,r) := B(x,pr). Thus we have 

MJ(V Q )) < Tfi(-Bi) <aT m(b,) < Mfm, 

CL 

i =1 2—1 


(3.13) 
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Figure 4. For each R.j. 3 there is a hole fi,j(Q)- 


the second inequality holds by the doubling property of /r and the 
constant A depends on /j, and a only. Thus we have completed the 
proof with C = 1/A. □ 


Proof of Theorem \1.5[ Let E be a Barahski carpet constructed as above. 
For every nsN, let R := I a x R be an n-level rectangle of E n where 
I a , R are subintervals of [0,1] whit length a and b respectively. Without 
loss of generality we assume a > b. For the interval I a , there exists a se¬ 
quence of subintervals of I a denoted by where a(i) £ S* and 

N(R ) G N. These subintervals have the following properties (Moran 
cover), 


• la C U 

• ®min | I < b < | Ia(i) \ 1 1 < i < N(R), wherea min = mini^j^jaj}. 

• int(I a (q) D int(Icr(j)) = 0 for i ^ j where int(I) means the 
interior of I. 


Thus we may write R = U?4, x Ib ■ Let Ilj . x 1 1 ) and 


r(i) 


x I h 


= utr r 


ij where R,.j is {n + |cr(z) | )-lcvcl rectangle with 
int(Rjj) D int(Rij') = 0 for j ^ j'. There is a cube Q C [0, l] 2 such 
that Q C\ Ei — 0. We use the same notation Vq as in Lemma 3.7 For 
each R hJ1 1 < i < N(R ), 1 < j < q\ a( A\, denote by f it3 the affine map 
such that fij{[ 0, l] 2 ) = Rij. See Figure |4j Denote 



Let /i £ X>([0,1] 2 )- By Lemma 3.7, there is a positive constant C\ 
such that n{fi,j(Q)) > Cin(fij(VQ)). Summing both sides over j to get 


qW0)\ 


qkWI 


V MAQ)) > Ci E MAVq))- 

3 = 1 i =1 


(3.14) 
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Let Ri := U/Li" /ij(Vq). Notice that the side-length of Ri are com¬ 
parable with | for each 1 < i < N(R). Thus there is a positive 

constant C 2 such that n(Ri) > C 2 p(Ri). Summing both sides over i, 
we have 

N(R) N{R ) 

5 ^ n(Ri) >C 2 J2 PiRi). (3-15) 


i= 1 


i—1 


Combine the estimates (3.14) and (3.15), we arrive 


KG(R)) > CiC 2 fj,(R). 


(3.16) 


Let G n := U R € E n G(R), then by estimate (3.16), we have that 

KGn) > CiC^iEn) > CiC 2 h(E). (3.17) 

Given n*,, let nk = max{AT(i?) : R G E n \ and n,k +1 = + 10. 

Let k — 1, then we have a sequence rq ; and By our choice of rik 
and Q fl i7i = 0, we observe that the sets G nh are pairwise disjoint 


subsets of [0, l] 2 . Applying estimate (3.17) to every G Uk , we obtain 

OO OO OO 

OO > MU G n k ) > C 1 C 2 '52fj,{E nii ) > CrC^^E). 


k= 1 


k =1 


k =1 


Thus we have u(E) = 0. We complete the proof by the arbitrary choice 
of/ieT([ 0 ,i] 2 ). ' ' □ 


3.1. Bedford-McMullen sponges in M 3 . 

mala) Applying similar argument as in the proof of Theorem 1.5 


(Suggested by V. Suo- 
we 


are going to prove that Bedford-Mcmullen (BM) sponges are thin for 
doubling measures on [0, l] 3 . We show the construction of BM sponges 
first. Let p, q,u G N and 2 < p < q < u. Divide [0, l] 3 into p x q x u 
rectangles of sides l/p,l/q and 1/u. Select a subcollection of these 
rectangles to form E\. Iterate this construction in the usual way, with 
each rectangle replaced by an affine copy of £j, and let E = C\ n >iE n 
be the limiting set obtained. Let Q C [0, l] 3 be a cube that Q ft Ei = 0 
and Vq := [ 0 , l ] 3 D My ( n xy(Q)) where 7i xy is the orthogonal projection 


from M 3 to plane 


^ xy i 


here 


xy 


= {( x,y,z ) : z = 0}. 


Proposition 3.8. Let E be a BM sponge, then E is thin for doubling 
measures. 

Proof. Let R be a n-th rectangle of E n . There is n(R) G N such that 

u~ n < p - n ~ n ( R l < u ~ n+1 . 
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Divide R (in the same way as the construction of Ef) n(R ) times into 
(p x q x u) n(R> rectangles. Let 

I(R) := {( i,j , k) : 1 < i < p n{R \ 1 <j< q n{R \ 1 < k < u n{R) }. 


We may write R = U a ei(R)Ra- For a = (■ i,j , k ) let ■— fa- Denote 
Rij = U k=i R%,j,k and Ri = Ld =1 } Rij- For each R a ,cr G I(R), there is 
an affine map fa such that R a = / CT ([0, l] 3 ). 

Denote G(R) = U aei(R)fa(Q)- Let p G D([0, l] 3 ). We are going to 
prove p(G(R)) > p(R) where > means there is a constant C depends 
on /i only such that p(G(R)) > C/i(R). For the convenience in what 
follows we will use notation > when there is a constant depending on 


/i only. Note that the constant may be different in different places. 
Applying the similar argument as in Lemma 13.71 it’s not hard to see 


MAQ)) £ a»(L(Vq)),<t e i(r). 


(3.18) 


Thus 


i(fl) 


Rfl) 


E MjAQ)) % y MjAVq)) = h(Vq( i,i)), (3,19) 


k=1 


k=1 


where V Q (i,j) := U t=? fi,j,k(V Q )- Let V^(i,j) := R i jC\'KjfK zx V Q {i,j)). 
Applying the same argument as in Lemma 3.7 again, we get 


and 


MLq(lj)) £ j)) 


p(U > p(Ri). 


(3.20) 


(3.21) 


Note that f a (Q) are pair disjoint for a G I(R)- Combine the estimates 

(3.22) 


(3.19), (3.20) and (3.21) we arrive 

p(G(R))>p(R). 


Let G n := U R & E n G(R), then by estimate (3.22), we have that 

p(G n ) > p(E n ) > p(E). (3.23) 


Apply the same argument as in the proof of Theorem 1.5 
the result. 


we obtain 
□ 


Remark 3.9. R can be believed that high dimensional Bedford-McMullen 
self-affine sets are thin for doubling measures. Note that Bedford- 
McMullen self-affine sets in W 1 , d > 2 satisfies OSCH. 
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4. Purely atomic measures 


We say that a measure is purely atomic , if it has full measure on a 
countable set. For the results related purely atomic doubling measures, 
see pm mi mu 128]. It was asked in [15j whether there exist com¬ 
pact set IcR with positive Lebesgue measure so that all doubling 
measures p on X are purely atomic. The answer is negative given by 
[HI dSj. bi [21 [H], they proved that any compact set of R d with posi¬ 
tive Lebesgue measure carries a doubling measure which is not purely 
atomic. We extend their result in the following way. 

Proposition 4.1. Let X be a closed subset ofR d with positive Lebesgue 
measure, then every d-homogeneous measure on X is not purely atomic; 
furthermore, let E <Z X and L d (E) > 0, then p(E) > 0 for every d- 
homogeneous measure /a on X. 


A measure /a is called an s-homogeneous measure on X if there is a 
constant C such that for any A > 1, 


0 < p(B(x, Ar)) < CX s p(B(x,r )) < oo. 

Denote by T> S (X) all s-homogeneous measure on X. It’s easy to see 
that T>(X) = [J S> 0 V S (X). The s-homogeneous measures are related to 
s-homogeneous spaces, see mm- 


Proof of Proposition 4 ■ 1 


in 


Let E C X and L d {E) > 0. Let p G Vd { X ) 
they proved that T > d { X ) ^ 0 ). We are going to prove that 
p(E) > 0 (this implies that p is not purely atomic). 

We consider B(x,r ) as an open ball of metric space A" (induced 
metric from M d ) in the following for the convenience. Let Xo G X, then 
there exists n 0 such that L d (E D B(xo,no)) > 0. Since p G T > d ( X ), 
there is constant C such that for any ball B(x,r ) C B(x,no), we have 


p(B(x,n 0 ) <c(—) d p(B(x,r)). (4.1) 

r 

Applying the doubling property of p, we have that there is a constant 
C\ such that p(B(x 0 ,n 0 )) < Cip(B(x,n 0 )) for anyx G B(x 0 ,n 0 ). Thus 
there is a positive constant C 2 such that 


p(B(x,r)) > C 2 r d for any B(x,r ) C B(x 0 ,n 0 ). 


It’s well known that (4.2) implies (see Da p- 95 ]) 

p{A) > C^L d (A) for any A C B(x 0 ,n 0 ), 


(4.2) 

(4.3) 


where C 3 is positive constant depends on p, d, no only. By the monotone 
property of p and estimate (4.3), we have 


p(E) > p(E fl B(x 0 , no)) > C 3 L d (E n B(x 0 , n 0 )) > 0. 
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We complete the proof by the arbitrary choice of /! G T>d(X). □ 
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